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Abstract. In this paper, by introducing a notion of local quasi 
■ holomorphic frame, we obtain a curvature formula for almost Her- 

^0 \ mitian manifolds which is similar to that of Hermitian manifolds. 

Moreover, as applications of the curvature formula, we extend a 
result of H.S. Wu and a result of F. Zheng to almost Hermitian 
manifolds. 



1. Introduction 

A triple (M, J, g) is called an almost Hermitian manifold where M is 
a smooth manifold of even dimension, J is an almost complex structure 
on M and g is a Riemannian metric on M that is J- invariant. There are 
several kinds of interesting connections on almost Hermitian manifolds 
(see [6]). Among them, the Levi-Civita connection which is torsion free 
and compatible with the metric and the canonical connection which 
is compatible with the metric and complex structure with vanishing 
(1, l)-part of the torsion attracted the most attentions. 

The geometry of almost Hermitian manifolds with respect to the 
Levi-Civita connection was studied by Gray (See [H [JO]) and the 
other geometers in the 70's of the last century. An important con- 
jecture in this line was raised by Goldberg ([7]): An Einstein almost 
most Kahler manifold must be Kahler. Here, almost Kahler manifolds 
means almost Hermitian manifolds with the fundamental u g (X,Y) = 
g(JX, Y) closed. The conjecture was proved by Sekigawa [15] with the 
further assumption of nonnegative scalar curvature. The full conjec- 
ture is still open. One can consult the survey [JJ for recent progresses 
of the conjecture. 

The canonical connection in crucial in the study of the structure of 
nearly Kahler manifolds by Nagy [T5| Ul]. In [TU], Tossati, Weinkove 
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and Yau used the canonical connection other than the Levi-Civita con- 
nection to solve the Calabi-Yau equation on almost Kahler manifolds 
related to an interesting and important program on the study of sim- 
plectic topology proposed by Donaldson [3]. Later, in [18], Tossati 
obtained Laplacian comparison, a Schwartz lemma for almost Hermit- 
ian manifolds which is a generalization of Yau's Schwartz lemma for 
Hermitian manifolds(See [22]). Moreover, with the help of the gener- 
alized Laplacian comparison and Schwartz lemma, Tossati extended a 
result by Seshadri-Zheng [IB] on the nonexistence of complete Hermit- 
ian metrics with holomorphic bisectional curvature bounded between 
two negative constants and bounded torsion on a product of complex 
manifolds to a product of almost complex manifolds with almost Her- 
mitian metrics. In [5J, Fan, Tarn and the author further weaker the 
curvature assumption of the result of Tossati and obtain the same con- 
clusion which is also a generalization of a result of Tam-Yu |17j . 

The canonical connection was first introduced by Ehresmann and 
Libermann in [3]. It is a natural generalization of the Chern connection 
on Hermitian manifolds (See [2]) and is more related to the almost 
complex structure. When the complex structure is integrable, it is 
just the Chern connection. In this paper, by introducing a notion 
of local quasi holomorphic frame, we obtain a curvature formula of 
almost Hermitian manifolds similar to that of Hermitian manifolds. 
More precisely, we have the following result. 

Theorem 1.1. Let (M,g,J) be an almost Hermitian manifold. Let 
(ex, • • • , e n ) be a local quasi holomorphic frame at p. Then 

(!•!) Rfjklip) = -eie k (g fj )(p) + ^ A e fc (^)el(^ A j)(p). 

As an application of the curvature formula on almost Hermitian man- 
ifolds, we extend a result of Wu [21] to almost Hermitian manifolds. 

Theorem 1.2. Let (M, J) be an almost complex manifold. Let g, h be 
two almost Hermitian metrics on M. Then 

R 9+h (X, X, Y, Y) < R 9 (X, X, Y, Y) + R h {X, X, Y, Y) 

for any two (1,0) vectors X and Y where R 9+h , R 9 and R h denote the 
curvature tensors of the metrics g + h,g and h respectively. 

Another application of the curvature formula on almost Hermitian 
manifolds in paper is to give a classification of almost Hermitian metrics 
with nonpositive holomorphic bisectional curvature on a product of two 
compact almost complex manifolds which is a generalization of a result 
of Zheng [2l] and a previous result of the author [23J. More precisely, 
we obtain the following results. 
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Theorem 1.3. Let M and N be compact almost complex manifolds. 
Let <pi, 02, • ■ • ,4>r be a basis of i7 1,0 (M) and ipi, ifj 2 , ■ ■ ■ ,ifi s be a basis 
of H 1,0 (N) . Then, for any almost Hermitian metric h on M x N with 
nonpositive holomorphic bisectional curvature, 

u h = irlu hl + n* 2 u) h2 + p + p 

where hi and hi are almost Hermitian metrics on M and N with non- 
positive holomorphic bisectional curvature respectively, tti and tt 2 are 
natural projections from M x N to M and from M x N to N respec- 
tively, and 

r s 

p = v^y^y^ aki<pk a ipi 

k=l 1=1 

with aw 's are complex numbers. 

Corollary 1.1. Let M and N be two almost Hermitian manifolds with 
n{M) ^ and U(N) ^ 0. Then 

codim R (U{M) x U(N),U{M x N)) =2dimH 1 '°(M) ■ dimH l >°(N). 

Here H 1,0 (M) means the space of holomorphic (l,0)-from on M 
and 7i(M) is the collection of almost Hermitian metric on M with 
nonpositive bisectional curvature. The corollary above implies that an 
almost Hermitian metric on a product of two compact almost complex 
manifolds with nonpositive holomorphic bisectional curvature must be 
a product metric if one of the compact almost complex manifold admits 
no nontrivial holomorphic (l,0)-form. 

Note that the local quasi holomorphic frame introduced in this pa- 
per is different with the the generalized normal holomorphic frame 
introduced by Vezzoni [20] since the background connection considered 
in [20] is the Levi-Civita connection and Vezzoni's generalized normal 
frame exists only on quasi Kahler manifolds. The introduced frame is 
also different with local holomorphic coordinate introduced in [5]. 

2. Frames on almost complex manifolds 

Recall the following definition of holomorphic vector fields on almost 
complex manifolds which is a generalization of holomorphic vector fields 
on complex manifolds. 

Definition 2.1 Q6J). Let (M, J) be an almost complex manifold, a 
(1, 0)-vector field is said to be pseudo holomorphic at the point p G M 
if (L T YY lfi \p) = [X, Y]^°\p) = for any (1, 0) vector field X on M, 
where Z^ 1 ^ means the (1, 0) part of Z and L means Lie deriviative. If 
Y is pseudo holomorphic all over M, we call Y a holomorphic vector 
field. 
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Note that the almost complex structure may not be integrable, so 
we can not expect an existence of local holomorphic vector fields in 
general. However, for any point p G M, we can find a local (1, 0)-frame 
that is pseudo holomorphic at p. 

Lemma 2.1. Let (M, J) be an almost complex manifold. Then, for 
any p G M , there is a (1, 0)-frame (ei, e 2 , • • • , e n ) near p such that is 
pseudo holomorphic atp for alii. We call the (1, 0)-frame (ei, e 2 , • • • , e n ) 
a local pseudo holomorphic frame at p. 

Proof. Let (vi,v 2 ,--- i v n) be a local (l,0)-frame of M near p and 
(ei,e 2 ,-- - , e n ) be another local (l,0)-frame of M near p. Suppose 
that 

(2.1) ei = fijVj, 

and 

(2-2) [v-,v^ = ^v k , 

where /^'s are local smooth functions to be determined. Then 

(2.3) [v], ei f'°\p) = v](f ilx )(p)v,(p) + UpV x] ( P )v,( P ). 

If we choose such that that fijip) = 5^ and Vk(fij)(p) = —d^ip) for 
all i,j and k, then 

(2.4) [v-, ei }^(p) = 

for all i and j. So, (ei, ■ ■ • , e n ) is a local (1, 0)-frame on M near p 
such that e« is pseudo holomorphic at p for all i. □ 

Due to the nonexistence of local holomorphic frame on an almost 
complex manifold in general, we have to introduce a notion of holomor- 
phicity at a point that is better than pseudo holomorphic for further 
application. 

Definition 2.2. Let (M,J) be an almost complex manifold. A (1,0)- 
vector field X is called quasi holomorphic at the point p G M if 
[Z, [F, X]Y lfi \p) = for any (l,0)-vector fields Y and Z that are 
pseudo holomorphic at p, and moreover, X itself is also pseudo holo- 
morphic at p. 

From the definition, it is easy to check that a holomorphic vector 
field is quasi holomorphic all over M. 

Lemma 2.2. Let (M, J) be an almost complex manifold and (ei, e 2 , • • • , e n ) 
be a local pseudo holomorphic frame at p G M. Let X be a (1,0) vec- 
tor field on M that is pseudo holomorphic at p. Then, X is quasi 
holomorphic at p if and only if [e*, [ej, Xjp'^Qo) = for all i and j . 
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Proof. Let Y = YiCi and Z = Ziei be two (l,0)-vector fields that are 
pseudo holomorphic at p. Then, it is clear that v(Yi){p) = v(Zi){p) = 
for any (1,0) vector v at p. Then 



[Z,[Y,X]f>°\p) 
= [^e i ,[F,X]]( 1 '°)(p) 

=Z l [e l , [Y,X]]^\p) - ([F, X){Zi)){p)ei{p) 
=Z l [e l ,[Y^,X]}^\p) 

=Z l [e t ,Y J [e-,X}}^°\p) - Z^, X (^)ej] (1 ' 0) (p) 
=Z i Yfe i , [e],X]f>°\p) + ZMY^Xf'^ip) 
=Z l Y 1 [e l ,[e],X]f>°\p) 



Lemma 2.3. Let (M, J) be an almost complex manifold. Then, for 
any p e M, there is a (1, 0) -frame (ei, e 2 , • • • , e n ) near p such that is 
quasi holomorphic at p for all i. We call the (1, 0)-frame (ei, e%, ■ ■ ■ , e n ) 
a local quasi holomorphic frame at p. 

Proof. Let (i>i,t>2, • • • , v n) be a local pseudo holomorphic frame of M 
at p and (ei, &ii • • ■ , e n ) be a local (1, 0)-frame of M near p. Suppose 
that 



where /y's are local smooth functions to be determined. We first as- 
sume that Vk{fij){p) = for all i, j and k. Then, by the proof of Lemma 
12.1^ ( e ii e 2, ■ ■ ■ i e n ) is a local pseudo holomorphic frame at p. 
Moreover, suppose that 



0. 



□ 



(2.6) 



i J ij "j i 



(2.7) 
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It is clear that c*j(p) = for all i,j and k since (t>i,t>2, • • • ,v n ) is a 
local pseudo holomorphic frame at p. Then 

(2.8) 

[v k ,[vj,ei))^(p) 

=[«*,[^,/a«A]] (1 ' 0) (p) 

= K,/,a[^^a]] (1 ' 0) (p) + [v k ,v](fix>x} m (p) 

=fix[v k ,[vj,VxW 1 ' 0) ( P ) + v k (f lX )[v-,v x ]^\p) +v](f iX )(p)[v k ,v x f>V(p) 

+ v k vj(fix)vx(p) 
=hx[vk, [v], v\}} {1,0) (p) + v k v~(f iX )vx(p) 
=fix[vk, [Vj, ^] (1 ' Q) ] (1 ' 0) (P) + v k v](f lX )v x (p) 
=fi\[v k , c^vj (1,0) (p) + v k v-(f iX )v x (p) 
=fi\c x - j [vk,v x ] {1 ' 0) (p) + fi\v k (c^ 3 )v^{p) + v k v](f iX )v x (p) 

If we further choose such that = 5^ and 

(2-9) vffi(fis)(p) = - v i(4k)(P)> 

for all and /, then 

(2.10) [v k ,[v],e^ \p) = 



for all z,j and k. By Lemma [2.21 we know that is quasi holomorphic 
at p for all i. This completes the proof. □ 



3. Frames on almost Hermitian manifolds 

In this section, we recall some basic definitions for almost Hermitian 
manifolds and introduce a notion for almost Hermitian manifolds that 
is analogous to normal frame on Hermitian manifolds 

Definition 3.1 ([HI [121 E])- Let (M, J) be an almost complex man- 
ifold. A Riemannian metric g on M such that g(JX, JY) = g(X, Y) 
for any two tangent vectors X and Y is called an almost Hermitian 
metric. The triple (M, J, g) is called an almost Hermitian manifold. 
The two form u g = g(JX, Y) is called the fundamental form of the 
almost Hermitian manifold. A connection V on an almost Hermitian 
manifold (M, J,g) such that Vg = and VJ = is called an almost 
Hermitian connection. 
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For a connection V on a manifold M, recall that the torsion r of the 
connection is a vector-valued two form defined as 

(3.1) t(X, Y) = V X Y - V Y X - [X, Y]. 

On an almost Hermitian manifold, there are many almost Hermitian 
connections. However, there is a unique one such that t(X, Y) — for 
any two (1, 0)-vectors X and Y. Such a notion is first introduced by 
Ehresman and Libermann [I]. 

Definition 3.2 ([TT1EB]). The unique almost Hermitian connection V 
on an almost Hermitian manifold (M, J, g) with vanishing (1, l)-part of 
the torsion is called the canonical connection of the almost Hermitian 
manifold. 

In this paper, for an almost Hermitian metric, the connection is 
always chosen to be the canonical connection V. Recall that the cur- 
vature tensor R of the connection V is defined as 

(3.2) R(X, Y, Z, W) = (Vz^wX - W W W Z X - V [z ,w)X, Y) 

for any tangent vectors X, Y, Z and W. Note that unlike the curvature 
tensor on Hermitian manifolds with Chern connection, the curvature 
tensor R of the canonical connection may has non-vanishing (2,0)-part 
which mean that R(X, Y, Z, W) may not vanish for any (1, 0)-vectors 
X,Y, Z,W. For the (l,l)-part of the curvature tensor R, we means 
r[x,Y,Z,W) for (l,0)-vectors X,Y,Z and W. Moreover, R is said 
to be of nonpositive (negative) holomorphic bisectional curvature if 
R(X, X, Y, Y) < 0(< 0) for any two nonzero (1, 0)-vectors X and Y. 

This notion of holomorphic vector fields introduced in the last sec- 
tion is somehow compatible with the canonical connection on almost 
Hermitian manifolds analogous to that on Hermitian manifolds. 

Lemma 3.1. Vj^Y — [X, Y]^ 1 ' ) for any two (1,0) -vector fields X and 
Y on an almost Hermitian manifold. 

Proof. By the definition of canonical connection and torsion, we have 

(3.3) V T F = VyX + [X, Y] + t(X, Y) = VyX + [X, Y] . 

Since VJ = 0, we know that is a (l,0)-vector and VyX is a 

(0, l)-vector. Therefore, the conclusion follows. 

□ 

A local pseudo holomorphic frame for an almost Hermitian manifold 
play a similar role as a local holomorphic frame for an Hermitian man- 
ifold. More precisely, we have the following formula for the Christoffel 



8 Chengjie Yu 

symbol of the canonical connection under a local pseudo holomorphic 
frame. 

Lemma 3.2. Let (M, J,g) be an almost Hermitian manifold and 
(ei, e2, • • • , e n ) be a local pseudo holomorohic frame at p. Then T^(p) = 
and r^(p) = g^ k ej(gip){p) for any i,j and k. 

Proof. By Lemma l3TTj we know that V^e^p) =0. So r*(p) = for 
all i,j and k. Moreover, 

(3.4) = (V^e*,^) (p) + (e h V e .e^(p)) 

=rj-(p)^(p). 

Hence rf-(p) = g p,k ej(gip l ){p) for any i, j and fc. □ 

Similarly as on Hermitian manifolds, we can have a similar notion of 
normal holomorphic frame. 

Lemma 3.3. Let (M,J,g) be an almost Hermitian manifold. Then, 
there is a local pseudo holomorphic frame (ei,e 2 , ••• ,e n ) at p, such 
that Vei(p) = ; or equivalently, dgfj{p) = for all i and j. We call 
the frame a local pseudo holomorphic normal frame at p. 

Proof. Let (vi,V2, •■■ ,v n ) be a local pseudo holomorphic frame at p 
and (ei, • • • , e n ) be a local (1, 0)-frame at p. Suppose that 

(3.5) Ci = fijVj, 

where fi/s are local smooth functions to be determined. We first as- 
sume that Vk(fij)ip) = for all i,j and k. Then, (ei, e%, ■ ■ ■ , e n ) is a 
local pseudo holomorphic coordinate at p. 
Moreover, note that 

(3.6) ^vMp) = v k (fiv)(p) v n(p) + fij(p) T j k (p) v ^P) 

where Tj k is the Christoffel symbol with respect to the frame (i>i, V2, ■ ■ ■ , v n ). 
So, if we choose f €j such that /^(p) = 5^, Vk(fij)(p) = and v k (fij)(p) = 
— r| fc (p). Then Vej(p) = for all i. □ 

By a similar argument as in the proof of Lemma 13.31 we have the 
existence of a so called local quasi holomorphic normal frame. 

Lemma 3.4. Let (M,J,g) be an almost Hermitian manifold. Then, 
there is a local quasi holomorphic frame (e%, e-z, • • • , e n ) at p, such that 
Vej(p) = 0, or equivalently, dg^^p) = for all i and j . We call the 
frame a local quasi holomorphic normal frame at p. 
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4. Curvature of almost Hermitian manifolds 

In this section, we derive a formula for the curvature tensor with 
respect to a quasi holomorphic frame. 

Lemma 4.1. Let (M, g, J) be an almost Hermitian manifold and (ex, • • • 
be a local quasi holomorphic frame at p e M. Then 

(4.1) V efe Ve^(p) = 

for all i,j and k. 
Proof. First, note that 

(4.2) [e- e t ](p) = Ve-e,(p) - V e fy{p) = 
by Lemma [3. 1[ Moreover, 

<V efc Ve-ei,el) (p) 
= (V efe (V ei e-+ [ej, ei]),ej) (p) 
^ 43 ^ =(V efc [eJ,ei],eF) (p) 

= <V[e- >ei] e fc + [e fc , [ej,e<]] + r(e k , [ej,^]),^) (p) 

= <[e fc ,[e-,e l ]]( 1 '°),el> (p) 

=0. 

This completes the proof since V efe Ve-ei(p) is a (1, 0)-vector. □ 

We are now ready to compute the (1, l)-part of the curvature tensor 
for an almost Hermitian manifold. 

Theorem 4.1. Let (M,g,J) be an almost Hermitian manifold. Let 
(ei, • • • , e n ) be a local quasi holomorphic frame at p. Then 

(4.4) Rfjkiip) = -eiek(gfj) + 9^ X e k (9iii)ei(9xj)- 
Proof. 

= (V ek V w ei,e-) (p) - (V w V ek ei, ej) (p) - {V [ekM] e h ej) (p) 
= - (VerVe.e^e-) (p) 

(4.5) =-ei(V ek ei,ej) (p) + (V efc e;, V^e") (p) 

= - elek(9i])(p) + el{ei, V efc e~) (p) + (V efe ei, V^e") (p) 
= - eie k (9ij)(p) + {ei, V^V^ej) (p) + (V efc e;, V^e") (p) 
= - e~iek(9ij) + 9^ek{gifi)el(g x fj 
where we have used Lemma I3.lt (14.21) , Lemma 13.21 and Lemma 14.11 □ 



By Lemma [3.41 we have following direct corollary. 
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Corollary 4.1. Let (M,J,g) be an almost Hermitian manifold and 
(ex, e 2 , • • • , e n ) be a local quasi holomorphic normal frame at p e M. 
Then 

(4-6) Rfjklip) = -eje fc (py)(p). 

5. A GENERALIZATION OF Wu'S RESULT 

In this section, with the help the curvature formula derive in the last 
section, we obtain a generalization of Wu's result in [21J. 



Theorem 5.1. Let (M, J) be an almost complex manifold. Let g, h be 
two almost Hermitian metrics on M. Then 

R 9+h (X, X, Y, Y) < R 9 (X, X, Y, Y) + R h (X, X, Y, Y) 

for any two (1, 0) -vectors X and Y , where R 9+h , R 9 and R h denote the 
curvature tensor of the metrics g + h,g and h respectively. 

Proof. Let p G M, and (ei,e2,--- , e n ) be a local quasi holomorphic 
normal frame at p with respect to the almost Hermitian metric g + h. 
Then, by Theorem 14.11 and Corollary 14. 1^ 

(5.1) 

= -eie k ((g + h)i3)(p) 

=R 9 ]kI (p) + R^ip) - g^etfafotoM ~ h^ih^eiih^p). 
Hence, 
(5.2) 

R 9+h (X,X,Y,Y)(p) 
=E? (X, X, Y, Y) (p) + R h (X, X, Y, Y) (p) 



- g^X i Y%(g iji )XWiei(g x] )(p) - h^X'^e^h^xW^h^p) 
<R 9 (X, X, Y, Y) (p) + R h (X, X, Y, Y) (p) . 

□ 

Similar as in [21], we have the following two direct corollaries. 

Corollary 5.1. Let (M, J,g) be a compact almost Hermitian manifold 
with nonpositive (negative) holomorphic bisectional curvature. Then, 
there is an almost Hermitian metric on M with nonpositive (negative) 
holomorphic bisectional curvature that is invariant under all the auto- 
morphisms of the almost complex structure J. 
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Definition 5.1. Let (M,J) be an almost complex manifold. Denote 
the collection of all almost Hermitian metrics with nonpositive holo- 
morphic bisectional curvature as T-L(M). 

Corollary 5.2. Let (M, J) be an almost complex manifold with H(M) ^ 
0. Then 'H(M) is a convex cone. 

6. A GENERALIZATION OF ZHENG'S RESULT 

Let a be a smooth (r, s) form on the almost complex manifold (M, J). 
Recall that da = (da)( r ' s+1 ^ and a (r, 0)-form a is said to be a holo- 
morphic (r, 0)-form if da = 0. 

Lemma 6.1. A (r,0)-form a on an almost complex manifold is holo- 
morphic if and only if (L^a)^' ^ = for any (1,0) vector field X . 

Proof. By Cartan's formula, 

(6.1) (L T a) (r ' 0) = {i T da + (%a) (r ' 0) = i T da. 

The conclusion follows. □ 

Definition 6.1. A (r, 0)-form a on an almost complex manifold is said 
to be pseudo holomorphic at p e M if (L^o;)( r ' )(p) = for all (1,0) 
vector field X. 

Lemma 6.2. Let (M, J) be an almost complex manifold and (ei, e 2 , • • • , e n ) 
be a local pseudo holomorphic frame at p e M. Lei (a; 1 , a; 2 , • • • , cu") fre 
i/ie rfna/ frame of (e±, • • • , e n ) and a be a (r, 0) form on M. Suppose 
that 

(6.2) a= Yl a ili2 ... ir u n A u i2 A ■ ■ ■ A u lr . 

il<l2<---<ir 

Then, a is pseudo holomorphic at p if and only if v(a ili2 ... ir )(p) = for 
all v e Tp'°M and any indices i x < i 2 < ■ ■ ■ < i r . 

Proof. Let X be a (1,0) vector field with X(p) = v. Then, for any 

indices i\ < i 2 < • • • < i r , 

(6.3) 

{Lx)a{e il ,e i2 ,--- ,e ir )(p) 

=X(a(e il ,e i2 ,--- , 0)(p) ~ «(^x e u(p)> ^(p), • • • > e v(p)) 

-a(e h (p),e i2 (p),--- ,L x e ir (p)) 

=v(a h i 2 ... ir )(p) -a{[X,e il ] {m (p),e i2 (p),--- ,e ir (p)) 

- a ( eil (p),e i2 (p),... ,[X,e ir ]^°\p)) 

=v(a ili2 ... ir )(p). 
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This completes the proof. 



□ 



Theorem 6.1. Let (M,J,g) be an almost Hermitian manifold and a 
be a holomorphic (1,0) -form on M. Let h be another metric on M 
defined by 



for any two tangent vectors u and v. Then h is an almost Hermitian 
metric on M. Moreover, 



for any (1, 0) vectors X and Y. 

Proof. It is easy to check that h is an almost Hermitian metric by 
definition. 

Fixed p G M. Let (ei,e2,--- ,e n ) be a local quasi holomorphic 
normal frame at p for the almost Hermitian metric h. Then, hq = 
gq + dial. Since a is holomorphic on M, we have 

(6.6) = (-%«, ei) = e] (a, e*) - (a, L^e^) = ej(ai) - (a, Ve-e;) . 

Therefore, 
(6_7) 

e J e k(®j)(p) = e k ej(ai)(p) = e k (a, Ve-e^) (p) = (a, V efc Vejej(p)) = 
by Lemma |4~T1 and [ej, Ck\(p) = 0. Hence, by Theorem 14 . 1 1 and Corollary 



= - e i e k (h i j)(p) 

= - eie k (gij + aia])(p) 

= ~ eidk(9ij)(p) - e k (ai)ei(aj)(p) - eie k (ai)a](p) - a i eie^(a j )(p) 

=R %kM ~ 9^ X e k (g i fi)'el(gx- j )(p) - e fc (o i )ej(a i )(p). 

This completes the proof by processing the same as in the proof of 
Theorem 14.11 □ 

Definition 6.2. Let (M, J) be a compact almost complex manifold. 
Denote the space of of holomorphic (1, 0)-form on M as H l,0 (M). 

Lemma 6.3. Let M 2m and N 2n be two compact almost complex man- 
ifolds. Let <pi, (f>2, ■ ■ ■ ,4> r be a basis of H l,0 (M) and i/Ji,tp2, • • • ,4>s be a 



(6.4) 



h(u,v) = g(u,v) + a(u)a(v). 



(6.5) 



R h (X, X, Y, Y) < R 9 (X, X, Y, Y) 



(6.8) 
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basis of H 1,0 (N). Let p be a holomorphic (2,0) -form on M x N and 
locally have the form of 

m n 

(6.9) P = j2Y.pv alA P J 

i=l 3=1 

where (a 1 ,^,--- ,a m ) and (f5 l ,f3 2 ,--- , (3 n ) are local (l,0)-frames on 
M and N respectively and pij 's are local smooth functions on M x N . 
Then, there is a unique matrix (a^) of complex numbers with size r x s 
such that 

r s 

(6.10) p = ^2 5^ a M<l>k A -0/ ■ 

fc=i i=i 

Proof. Fixed y G N, let (e±, 62, ■ ■ ■ , e n ) be a local pseudo holomorphic 
frame at of N at y and (a; 1 , a; 2 , • • • , u n ) be its dual frame. Then, 

(6.11) P = X>(tf)Aw%) 

where 9j(y)'s are (l,0)-forms on M = M x {y}. By Lemma \6.2\ it is 
easy to check that 0j(y) is a holomorphic (l,0)-form on M for any j. 
Then 



(6.12) *i(v) = X) 6 *(v)* 

Therefore 



fc=i 



(6.13) ^E^ A E^^^' 

fc=l i=l 

It easy to check that X^j=i b] t j(y)u^(y) is a holomorphic (1, 0) form on 
N. Hence 

n s 

(6.14) $>fcifoy fa) = X>«^< 

where a^; are complex numbers. This completes the proof. □ 

With help of Lemma 16.31 and the curvature formula in Theorem I4.1[ 
the same argument as in [23J give us the following classification of 
almost Hermitian metrics on product of compact almost complex man- 
ifolds which generalizes the result of Zheng [23] and a previous result 
of the author 1231. 
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Chengjie Yu 



Theorem 6.2. Let M and N be compact almost complex manifolds. 
Let <pi, 02, • ■ • ,4>r be a basis of i7 1,0 (M) and ipi, ifj 2 , ■ ■ ■ ,ifi s be a basis 
of H 1,0 (N) . Then, for any almost Hermitian metric h on M x N with 
nonpositive holomorphic bisectional curvature, 

u h = Trlu hl + irlu h2 + p + p 

where h\ and h 2 are almost Hermitian metrics on M and N with non- 
positive holomorphic bisectional curvature respectively, 7Ti and 7r 2 are 
natural projections from M x N to M and from M x N to N respec- 
tively, and 

r s 

p = v^y^y^ a M 4>k a ipi 

k=l 1=1 

with aki 's are complex numbers. 

Similarly as in [23J , with the help of Theorem 16.11 we can obtain the 
following corollary. 

Corollary 6.1. Let M and N be two almost Hermitian manifolds with 
n{M) ^ and U{N) ^ 0. Then 

codim R (H(M) x U{N),U{M x N)) = 2 dim H lfi (M) ■ &imH lfi (N). 
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